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Abstract 

In this paper, we study a certain approximation property for a time optimal control 
problem of the heat equation with L°°-potential. We prove that the optimal time and the 
optimal control to the same time optimal control problem for the heat equation, where 
the potential has a small perturbation, are close to those for the original problem. We 
also verify that for the heat equation with a small perturbation in the potential, one can 
construct a new time optimal control problem, which has the same target as that of the 
original problem, but has a different control constraint bound from that of the original 
problem, such that the new and the original problems share the same optimal time, and 
meanwhile the optimal control of the new problem is close to that of the original one. 
The main idea to approach such approximation is an appropriate use of an equivalence 
theorem of minimal norm and minimal time control problems for the heat equations under 
consideration. This theorem was first established by G.Wang and E. Zuazua in [20] for 
the case where the controlled system is an internally controlled heat equation without the 
potential and the target is the origin of the state space. 
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1 Introduction 

Let Q, C be a bounded domain with a smooth boundary 50 and u be an open and 
nonempty subset of il. Denote by Xuj the characteristic function of the set to. Write R"*" = 
(0, +oo). Consider the following controlled heat equations: 

yt- Ay -ay = XojU in M+, 

y = on dnx M+, (1.1) 

.y(o) = yo in Q 

and 

yf - Ay^ - a^y^ = XujU in Q x M+, 

= on on X R+, (1.2) 

y[0) = yQ in Q, 
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where yo is in L^(r2), u is a control taken from the space L°°(M^~; L^(r2)), a and a^, with e > 
small, belong to L°°{Vl). Here, we assmne 

(Hi) \\afr — a||Loo(-f^) ^ as e — 7> 0"''. 

(-^^2) Uo € L^(il) such that yo ^ -Si4:(0), where Bk{0) is the closed ball in L^(0), centered at 
the origin and of radius K > 0. 

(H^) Either ||a||Loo(Q) < Ai or a{x) < for any x ^ Q, where Ai > is the first eigenvalue to 
the operator -A with the domain D{A) = H^{fi) Ci H'^{Q.). 

Corresponding to each u and yo) the equations (1.1) and (1.2) have unique solutions which 
will be treated as functions of time variable t, from [0, +00) to the space L^(0) and denoted 
by y{-;u,yo) and y^(-;ti,yo) respectively. One can easily check that, under the assumption 

\\y%-;u,yo) -y{-;u,yo)\\c([o,T];L2{n)) ^0 as e 0+, (1.3) 

when T > 0, yo G L'^i^) and u G L°°(0, T; L2(0)). 

We start with introducing some notations which will be used in this paper frequently. 
Denote by || • ||q and (•, •)q the usual norm and inner product of the space L^(r2) respectively. 
Write accordingly || • ||^ and (•, •)^ for the norm and inner product of the space L^(a;). Use 
Br{0) to denote the closed ball in L^(r2), centered at zero point and of radius r > 0. When 
X is a Banach space, || • ||x stands for the norm of X and |[ • || denotes the standard operator 
norm over C{X) which is the space of all linear and bounded operators on X. 

Next, we fix two positive numbers K and M, choose the target set Bk(0) in L'^{Q) and 
define two constraint sets of controls as follows: 

Um = {n G L°°(M+;L2(17)) : n(-) G Bm{0) over M+ and 3 t > s.t. y{t;u,yo) G Bk{0)}; 
U%j = {u(^ L°°{m + -L'^{n)) : n(-) G Sm(0) over R+ and 3 t > s.t. y%t;u,yo) G Bk{0)}. 
Now, we set up the following two time optimal control problems: 
(TP) T* = inf„6w„{t G R+ : y{t; u, yo) G B^}; 
(TPl) T*'^ = inf„6w.^{t G R+ : y%t; u, yo) G B^}- 

The numbers T* and T^*'^ are called the optimal time for the problems (TP) and (TPf) 
respectively. A control u* G Um is called an optimal control to (TP) if y{T*;u* ,yo) G Bk{0) 
and u*{-) = over (T*, 00). An optimal control up^ to (TPf) is defined in a similar way. 

The first purpose of this paper is to study the convergence of the problem (TPf) to the 
problem (TP) as e tends to zero. The results are included in the following theorem: 

Theorem 1.1. Suppose that (Hi), {H2) and (H^) hold. Let T* , u* and Te*'^, up^ be the 
optimal time and the optimal controls to Problems (TP) and (TPf) respectively. Then 
(i) T*'^ ^T* ase^ 0+; 

(a) up^ u* strongly in L^((0,T*) x Q) as e ^ 0+; 

[Hi) for any r] G (0, T*), up^ — > u* strongly in L°°{0,T* — ri;L'^{Q.)) as e ^ 0"^. 

It is not hard to show the convergence of the optimal time. However, it is not trivial 
to prove the above-mentioned L°°-convergence of the optimal controls. We make use of an 
equivalence theorem of minimal time and minimal norm control problems, and the convergence 
of the associated minimization problems (which will be introduced later), as well as the bang- 
bang property to reach the aim. The equivalence theorem (see Proposition 3.1) is a slight 
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modified version of that established in [20] (see Theorem 1.1 in [20]), while the bang-bang 
property was built up in Theorem 1 of [18]. To state the associated minimization problems, 
we first consider two equations as follows: 

ift + Aif + aip = mnx{0,T*), 

ip = on dnx (0,r*), (1.4) 



and 



' <ff + Aip^ + ae<f^ = in X (0,re'^), 

ip^ = on dnx {0,T*'^), (1.5) 

Write ip{-; (pT* ,T*) and ip"^ {■; ipf^,^i,T*'^) for the solutions of Equation (1.4) and Equation (1.5) 
respectively. Then, we set up two functionals over L^{Q) by 
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T* 



+K\\ipT*\\n, ipT' G L'in) (1.6) 



and 



ll^-(t;^^,,,r;'i)ll^dtj +(yo,9^^(0;^^.a,r;'i))n 
+iC]|4^.,i||n, eL\a). (1.7) 

Now the associated minimization problems are to minimize accordingly J"^*(-) and (•) 
over L^(Q). These two minimization problems have unique solutions ifx* and <^^«,i respec- 

tively (see Section 4.2 in [22]). With the aid of the above-mentioned equivalence theorem, we 
can explicitly express the time optimal controls u* over [0,T*) and ut'^ over [0, Tg'^) by 

u*{t) = Mf^0^^^^ for all t G [0, T*), (1.8) 

Under this framework, an independent interesting result obtained in this study, which plays 
an important role in the proof of Theorem 1.1, is stated as follows: The minimizer of jj= ' (•) 
converges to the minimizer of j'^* {■) strongly in L^(r2) as e tends to zero (see Theorem 2.1). 
This result, as well as (1.8) and (1.9), leads to the L°°-convergence of the optimal controls 
stated in Theorem 1.1. 

The second purpose of this paper is to construct a time optimal control problem for the 
perturbed equation (1.2) such that this new problem has the same optimal time as that of 



3 



(TP) and the optimal control for the new problem converges to that of (TP). More precisely, 
we define a functional Jj* {■) over L^(r2) by 




-Ky'T'h, iPT' (1.10) 
where (p^{-;<pj',,T*) is the solution of 

ifl + Aip^ + ae(p^ = inOx(0,r*), 

ip^ = on dn X (0,T*), (1.11) 

The functional J'^* {■) has a unique minimizer (see Section 4.2 in [22]), which is denoted by 

(pj,,. It is proved that pj,, ^ 0, when e > is small enough (see Step 1 in the proof of 
Proposition 3.2). Let 

r-T* 

M, = / ||(^^(t;#.,T*)|Ui, (1.12) 

and 







^M, = {u(^ L~(M+;L2(n)) : n(-) G 5^,(0) over M+ and 3t > s.t. y%t;u,yo) G Ba'(O)}. 
Now we define the following time optimal control problem: 



(TPI) = inf„6w.^^ {t € M+ : y%t; u, yo) G 5a'(0)}. 

The second main result of this paper can be stated as follows: 

Theorem 1.2. Suppose that (Hi), {H2) and {H3) hold. Let T* , u* and Te'^, ul'"^ be the 

optimal time and the optimal controls to Problems (TP) and (TPf) respectively. Then there 

exists an eq > such that 

(i) when e G {0,eo], T^'^ = T* ; 

{a) when e G {0,£o], it holds that 

u*/{t) = M,^^^^^^%%^ for each t G [0,r*); (1.13) 
{Hi) M as e ^0+; 

[iv] up'^ — > u* strongly in L^((0, T*) x 17) as e ^ 0+; 

(v) for any r] G (0,r*), u*'^ u* strongly in L°°{0,T* - r]]L'^{9.)) as e ^ 0+. 

The motivation for us to study such approximations presented in Theorem 1.1 and Theo- 
rem 1.2 are as follows. From the perspective of applications, the perturbations in the system 
potential often appears in some physical phenomenons. It should be interesting and important 
to study how the perturbations influence some quantities related to the system without per- 
turbations. The optimal control and the optimal time are such quantities. Our Theorem 1.1 
and Theorem 1.2 reveal that the influence on the optimal control, as well as the optimal 
time, caused by small perturbations in the system potential, is small. From the mathematical 
point of view, it deserves to mention that there have been a lot of papers studying how the 
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perturbations on the initial data influence the optimal time (see [2, 3, 4, 10, 14, 15, 16, 21] and 
references therein). However, to the best of our knowledge, such study when the perturbations 
appear in the system potential has not been touch upon. 

The rest of the paper is organized as follows: Section 2 studies the associated minimization 
problems stated in the above and gives some preliminary results. Section 3 introduces the 
equivalence theorem of the minimal time and norm control problems, and provides some 
explicit formulas for the optimal controls to the problems studied in this paper. Section 4 
presents the proof of Theorem 1.1 and Theorem 1.2. 



2 Preliminaries 



In this section, we present some preliminary results about the time optimal control problems 
and the minimization problems associated with the functionals J'^*{-), Jj^* {■) and Jj=' (•). 
We will write S{-) and «S'^(-) for the strongly continuous semigroups which are analytic and 
compact generated by (—A — a) and (—A — Cg) in L^(0) respectively. (For the analyticity, 
we refer the reader to Corollary 2.2 on page 81 in [12].) By {H^), it holds that 

\\S{t)\\ < e-^«* for each t > 0, (2.1) 

where 

1 Ai if a{x) < for any x ^ Q. 

By (Hi) and (H^), there is an Ep > such that 

||5^(t)|| < e""^* for each t G R+, when e € (0,ep], (2.3) 



where 



^ when ||a||L°o(Q) < Ai, 

when a(x) < for any x S 0. 



(2.4) 



First of all, we introduce the following proposition concerning with the existence and the 
uniqueness of optimal controls for Problems (TP), {TPf) and (TPI)- 

Proposition 2.1. Suppose that (Hi), {H2) and (i^s) hold. Let Sp > verify (2.3). Then, 
the problems {TP), (TPf) and (TP|), with e S (0,ep], have the unique optimal controls. 

Proof. By (2.1) and (2.3), we can use Lemma 3.2 in [13] (or Theorem 2 in [17]) to get the 
existence of optimal controls to the problems (TP), {TPf) and (TPI)) where e € (0,ep]. 

From [18] (see Theorem 1 and Remark in and at the end of this paper), the problem 
(TP) has the bang-bang property, i.e., any optimal controls «*(•) to (TP) satisfies that 
||''^*(')lln — ^ fo'^ ^-^^ ^ ^ [0, T*) with T* the optimal time to (TP). The same can be said 
about the problems (TPf) and (TPI)- Then the uniqueness of the time optimal controls 
follows from the bang-bang property (see Theorem 2.1.7 on page 36 in [8] or Theorem 1.2 in 
[19]). This completes the proof. □ 

Next, we introduce two minimization problems. Let T > and Tg > 0. Define two 
functionals J^{-) and J'^^{-) over L^(0) by 



J {^t) = 2! / Mt;^T,T)\Udt] +(yo,<^(0;¥^T,T))n 
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+KyT\\n. ^reL^n) (2.5) 

and 

Jl'i^Tj = ^(^ 'll<^'(*;^T.>7^e)IUt) +{yo,^%0;^'T^,T,))n 

+K\\ip'Tj\n, ip'r^eL^n), (2.6) 
where (p{-; (pT,T) and (^'^(•; T^) are accordingly the solutions of the following equations 

'ipt + Aip + aip = mflx{0,T), 

= on 50 X (0,r), (2.7) 

and 

' iff + Aif^ + aeip' = mnx{0,Te), 

= on dnx iO,Te), (2. 

Consider two minimization problems as follows: 
(MP) To find ipr in L2(0) such that 

J^{ipT)= mfJ^iipT); (2.9) 

(MP^) To find ip^T, in L'^i^) such that 

J^^mj= ^ inf Jj^((^|.j. (2.10) 

ipjn^ SZ/'^ (H) 

We assume that 

(Ha) \n-T\^0 ase^ 0+. 



(Fs) yo e ^'(f^) such that y{T;yo) i 5/^(0), where y(T;yo) = y(T;0,yo). 
Clearly, when T^ = T for all e > 0, it holds that 

!!¥'''(•; V'T, r) - v3(-;(^T,r)||c([o,T];L2(f7)) ^ ase^O+, for any e L2(0). (2.11) 

Lemma 2.1. (i) The junctional J'^{-) has a unique minimizer. (ii) The minimizer of J^{-) 
is not zero if and only if (H^) holds. [Hi) For each e > 0, the functional J^°{-) has a unique 
minimizer. (iv) Suppose that (Hi), {H4) and (H^) hold. Then there is an eq > such that 
each jj=(-), with e € (0, eo]; ^^.s a unique non-zero minimizer. 

Proof. By a very similar argument as Proposition 2.1 in [6] (see also Section 4.2 in [22]), 
one can easily check that both J'^{-) and jj''(-), with e > 0, are continuous, coercive and 
strictly convex. Hence, they have unique minimizers. Moreover, the minimizer of J(-) is not 
zero if and only if (H^) holds, i.e., y{T;yo) ^ Bk{0). The rest is to show (iv). From (-^4), 
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— T| ^ as e ^ 0"*". Given 5 G (0,T), there exists an £i{S) > such that \T^ — T\ < 5, 
when e G {0,ei{6)]. Write y{-;yo) and y^(-;?/o) for the solutions to the equations 

'yt-Ay-ay = in !^ x (0, T + (5), 

< y = on 917 X {0,T + 6), (2.12) 

.y(0) = yo in ^, 

'ys _ - a.y" = in 17 X (0, T + 5), 

y^ = on dnx (0,r + (5), (2.13) 

,2/^(0) = yo m n. 

From Equations (2.12) and (2.13), and by the assumption (Hi), one can easily derive that 

\\y%-,yo) -y{-,yo)\\c{[o,T+5];L^n)) ^ ase^O+. (2.14) 

This implies 

\\y%Te;yo) -y{T;yo)\\n < \\y%-,yo) - y{-,yo)\\ci[o,T+5];L^n)) 

+ \\y{T,;yo)-y{T;yo)\\Q^O as e ^ 0+. 

Because of (H^), there is an £2{S) < ei{5) such that 



y%T,-yo) i BKiO) for each e G (0,e2(<^)]. (2.15) 

Now, by taking £q = £2iS) and making use of the conclusion (n), we are led to {iv). This 
completes the proof. □ 

In what follows, we fix a 5 G (0, T) and let Eq = £o{S) > be such that 

\T -Te\<5 and argmmJ%-) / 0, when e G (0,eo]- (2.16) 

Theorem 2.1. Suppose that (Hi), (H^) and (H^) hold. Let Eq be given by (2.16). Let ipT 

and (pj.^, with e G (0,eo], be accordingly the non-zero minimizers of Junctionals J'^{-) and 
J^^{-) defined by (2.5) and (2.6). Then (pj.^ (pT strongly in L^(ri) as £ ^ 0"*". 

Proof. We start with showing the existence of such C > 0, independent of e, that 

WtM ^ C all ^ ^ (O'^o]- (2.17) 
For this purpose, we first observe that 

J^'i^rJ - for each e G (0,eo]. 

Along with (2.6), this yields 

i^||#Jb<-^(^ ^ \\ip'{t;ip'T^,T,)\\^dt^ +|(yo,9''(0;#,,r,))f,|. (2.18) 
From Proposition 3.2 in [7], we have 

||(/p^(0;#^,r,)||n < exp Co(^l + Y + Te + (T/ + r,)||a,||ioo(f^) 
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2 



\^'{t;^'T.,Te)\\udt, 



(2.19) 



where Co is a positive constant depending only on 0, and uj. From this, (Hi) and (-ff4), there 
exists a constant Ci > such that 



exp 



Co[l + ^ + T, + (T/ +r,)||a,||ioo(f^) + ||a,|||„ 



< Ci, when e G (0,eo]- 



This, together with (2.18) and (2.19), leads to (2.17). 

Next, we arbitrarily take a sequence {enjneN C {e}eg(o,eo] such that e„ — > 0"'" as n ^ oo. 
By (2.17), there exists a subsequence of the above sequence, still denoted in the same way, 
such that 

(f^ —7- (f weakly in L'^(Q) as n ^ oo, 



where (f G L^{Q). We are going to prove 

(f = (frp. 

When (2.21) is proved, by the arbitrariness of {enjneN C {e}e(=(o,eo]' '^^ ^^"^ *° 

'Pt^ — > tpT weakly in L^(r2) as e — t- 0"*". 
To show (2.21), we first prove two statements as follows: 

\{yo,ip'"{0;^'£ ,TeJ-ip{0;^ffl ,T))n\ ^ as n ^ oo 

and 



(2.20) 

(2.21) 

(2.22) 
(2.23) 



,dt 



T \ 2 



as n ^ oo. (2.24) 



The proof of (2.23) is as follows: We recall that 5 > was fixed by (2.16). For each 
ipT S we denote by 'i/'^"(-; V'T, 0) and -(/'(s^'TjO) the solutions to the following two 

equations respectively: 



ipl" - A^=" - ae„ip^" = in Qx {0,T + 6), 



ip"" = 
l^""(0) = 



on dn X (0,r + (5), 
in ri. 



(2.25) 



and 



It is clear that 



' ipt - Ai; - aip = in X (0,r + (5), 
■0 = on dnx {0,T + 6), 

^^(0) = in n. 

if'" it; ip'£^ , T, J = (r,„ - t; ipf,"^^ , 0) for all t e [0, J 
V9(t;(^^" ,T) =i;{T -t;ipff ,0) for ah te[0,r]. 



(2.26) 

(2.27) 
(2.28) 
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From (2.17), there is a C > 0, independent of n, such that 

||V'""(-;'^T:„'0)lb([o,T+5];L2(n)) + U{-,fT,^M\cmT+S];L^m < C for all n G N (2.29) 

and 

||V'""(-;<^^:„,0) - V(-;#:„,0)||c([o,T+5];L2(n)) ^0 as n^oo. (2.30) 

From (2.26), the strong continuity and compactness of S{-) and the fact that 6 € (0, T), it 
follows that 

||V^(r,„;(^^^^,0)-V(T;(^^^^,0)||a 
= \\SiT,„WT: -SiTW^"^ \\n 

< ||5(r,J^^;^ - S{T,J^\\n + \\S{T,J^ - S{TMn 

+ \\SiT)^fr:„-S{TMn 
= \\S{T,„-T + 6)[S{T-5Wr,: -S{T -SmWn 
+ \\S{T,J^ - S{TMn + \\S{T)^f^l - S{TMn 

< ||5(r - 6Wt-^ - 5(r - 6Mn + \\SiT,J^ - SiTMn 

+ \\S{T)ip'" - S{T)^\\n^O as n^O. (2.31) 

This, together with (2.27) and (2.28), indicates 

\\ip'"{0;^fr"^ ,TeJ-ip{0;^fr: ,T)\\n = \\^P''^iT,^■,ip'T: ,0)-^P{T-^ff ,0)||n 

en cn en, en 

< ||^^"(r,„;(^^^ ,o)-^(r,„;(^^'; ,o)||n + ll^(r,„;<^^; ,o)-^(r;<^^; ,o)|b 

en -^en -^en -^en 

< 11^"" (•;#:„, 0) -^(•;'^^:^,0)|b([o,T+5];L2{Q)) + ||^(r,„;(^^^^,0) - V'(r;(^^^^,0)b 
^0 as n ^ oo. 

Hence, 

|(yo,<^""(0;#: ,r,J-<^(0;(^^^ ,T))o| 

en en 

< ||yobl|(/'""(0;^^: ,T,J-99(0;^^; ,T)|[n^O as ?i ^ oo, (2.32) 

en en 

which leads to (2.23). 

The proof of (2.24) is as follows: By (2.20) and by using the compactness of S{t), for 
any subsequence {eniligN C {ertjneN) there exists a subsequence of {en,}i still denoted in the 
same way, such that 

IIV'(-;^T? )0) - V(-;'^,0)||c([o,T+5];L2(t7)) ^ as i^oo. 
Since {^n, Ijgn was arbitrarily taken from {en}nGN; we have 

ll^(-;#"^,0) -'(/'(•; <^,0) ||c([o,T+5];L2(n)) ^ as n ^ oo. (2.33) 
It follows from (2.30) that 

IIV''"(-;<^t:„'0) -V'(-;<^,0)|b([o,T+5];L2(n)) ^0 as n^oo. (2.34) 
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Meanwhile, one can easily check that 



T N 2 







T N 2 

Mt-iP'^" ,T)\\^dt 



< 



J 



"-En ' 



' En 



T 



JO 

Ten j-T 



— j4„ X Sj^. 
By (2.29), we have 

An < 2C{T + 5). 
Now we are going to prove that i?„ — )> as n ^ oo. Indeed, 



Bn < 



(r,„ - 1- , 0) lu - mT - 1- (jf^^^ , 0) II 

|^^"(r,„-t;(^^'; ,0)|U-||^(r-t;<^^" ,0)11 



+ / \W-[T,^-t,(p''r^ ,0)11,, - ,0)11,, dt 

where T\\l T2 = max(Ti, T2) and Ti AT2 = min(Ti, T2) for any Ti,T2 € M, and 

,0), t>0. 



i^'-{t;^'£ ,0) 



0, 



t < 0, 



V'(t;(^^^^,0), t>0, 
0, t < 0. 



It is clear 



En < 



+ 



(r,„ - t; , 0) - V(T,„ - t; , 0) |Udt 



By (2.30), we see that, when n 00, 



El < [ ^ ||^""(t;<^r" ,0)-^(t;(^^" ,0)lbdt 
Jo 
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< (r + J)||V'^"(-;(^^:^,0)-^(-;(^^:^,0)||c([o,T+5];L2(Q)) ^0. (2.39) 
Let z^" (t) = - t; 0ffl^ , 0) - 7/;(r - t; ipff^^ , 0). Then for any t € [0, T^,^ A T], it holds that 

= ||S(T,„-t)(^^^ _s(T-t)(^^'; 11^ 

+ \\S{T,„-t)ip-S{T-tm\n 
+ \\S{T-t)ip-S{T-t)ipf," lln 

< 2||V'(-;<^t"„'0) -^(■;'^'0)||c([o,T+5];L2(f7)) 

+||5(r,„-t)<^-5(r-t)<^||n. 



By the strong continuity of S{-) over [0,T + 5], (2.33) and (2.40), we have 
El < 2r||^(-;(^^",0)-V(-;<^,0)||c([o,T+5];L2{Q)) 



+ 



Te„ AT 



||5(T£„ — t)(f — S{T — t)Lp\\Qdt — > as n — ?> oo. 
This, together with (2.39), yields 

En — )• as n ^ oo. 
On the other hand, one can easily derive from (2.29) that 

Fn < 2C(Ts„ V T - Te,^ A T) ^ as n ^ oo. 
Along with (2.42), this yields 

Bn — >• as n — >■ oo. 

This, along with (2.35) and (2.36), leads to (2.24). 
Let 



+ - 



Mt;^f," ,T)\ldt 



By (2.23) and (2.24), we see that 



/„ — > as n ^ oo. 



(2.40) 



(2.41) 



(2.42) 



(2.43) 



By the similar methods as those used in the proof of (2.23) and (2.24), one can easily check 
that 



1 

+ 2 



as n — > oo. 



,dt 







\\ip{t]LpT,T)\\^dt 







(2.44) 
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Meanwhile, from (2.33), we have 



and 



Jo 

< T\\(p{-, (^^^^ , T) - ifi-; (f, T) ||c{[0,T];L2{n)) 

< T|l^(-;(^^"„'0) - V'(-;<^,0)||c([o,T+5];L2(n)) ^ as n^oo 

Kyo,9j(0;#^^,r)-(^(0;(^,T))n| 

< ||yo|b||v^(0,<^^:^,r)-(^(0;<^,T)|b 

< ll2/o||n||V'(-;'^T,'„'0) -V'(-;<^,0)||c{[o,T+5];L2(f^)) ^0 as n^oo. 

These, along with (2.20), (2.43), (2.44) and the weakly lower semi-continuity of L^-norm, 
yield 



jU(p) < liminf JM(^^" ) < liminf[X^-'"((^S." ) 



< lim inf ^" (ipf^ ) + lim sup 4 

< lim inf jj^" {^t) = j'^i^r)- 



(2.45) 



Thus, ip is also a minimizer of problem (1.6). By the uniqueness of minimizer of this problem, 
if = (pT, i.e., (2.21) holds. Consequently, (2.22) holds. 
Next, we will prove that 



From the optimality of (pj,^ to the problem (MP^) (see (2.10)), we have 

Jj^(#j < jJ^{ipT)<J^i^T) + \{yo,^'{0;^T,T,)-ip{0;^T,T))n\ 



(2.46) 



1 

+ 2 



\^'it;^T,T,)\\^dt 







y{t;ipT,T)\\^dt 







(2.47) 



From this, we can use the similar methods used in the proofs of (2.23) and (2.24) to get 

(2.48) 



limsup jj^((^|^^) < lim sup jJ'=((^T£) < (<^t) 

£-5-0+ " e->0+ 



On the other hand, one can easily check that 

J^((^t) < J^(#J < jJ^(#J + K2/o,(^^(0;# ,r,)-(^(0;(^|,,r))f,| 



1 

+ 2 



||(^^(t;# ,T,)tdt 







T N 2 

||(^(i;#^,r)|Udt 







(2.49) 



From this, we also can use the very similar ways as those used in the proofs of (2.23) and 
(2.24) to derive that 



((3t) < lim inf ((31, ) < liminf X^-(c3l, ). 



(2.50) 
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This, together with (2.48), yields 

J^{^t)= Wm J^^m^). (2.51) 

£— >0+ 

Hence, (2.46) follows (2.49), (2.51). 

Finally, by (2.22) and the compactness of S{t), for any sequence {SnlneN C {£}ee(o,£o] 
with e„ — > 0"^ as n — )■ oo, there exists a subsequence {enj-lfceN of {enjneN such that 



!!¥'(•; (^t"";^ ,r) - V3(-;'^T,r)||c([o,T];L2(n)) ^0 as ^ oo. 

This implies that 

(2/0, <^(0; <^r? ' '^))^ (yo, 9^(0; ipT,T))n as /c ^ 00 

and 

||(/?(t; (^1"'-' ,r)||^(it^> / \\ip{t;ipT,T)\\^dt as A; -> 00. 
""fc Jo 

Since {enjneN was arbitrarily taken, we have 

IIV3(-;#,,r) - <^(-;'^T,T)||c([o,T];L2(n)) ^0 as e ^ 0+, 
{yo,ip{0;ipT^,T))n {yo,ip{0;ipT,T))n as e ^ 0+ 

and 



\\ip{t;ip'T^,T)\\^dt^ / \\ip{t;^T,T)\\^dt as e ^ 0+. 
Jo 

These, along with (2.46) and the definitions of J'^{(pt) and J'^ {(pj^^) (see (2.5)), indicate 

ll#J|!^ ll'^rlb ase^O+. 
Together with (2.22), this yields 

Wt, - '^rWn ^0 as e ^> 0+, 
and completes the proof. □ 
Now we define a functional Jj{-) over L'^{n) by setting 

JH^t) = \{ r M{t-^'T,T)\Udt\ +(2/o,<^"(0;(/^^,r))n 



2 







(^f,GL"(17), (2.52) 
where (p^{-](pj',T) is the solution of the equation 

Vf + Ay?*^ + ffleV?^ = infix(0,T), 

= on X (0,r), (2.53) 

By the same way used to prove Lemma 2.1, we can show that Jf{-), with e > sufficiently 
small, has a unique non-zero minimizer in L2(0). Further, by the same way as that used in 
the proof of Theorem 2.1, one can have the following consequence. 
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Corollary 2.2. Suppose that (Hi) and (H^) hold. Let tp^ be the non-zero minimizer of the 
functional J^{-) (with e > sufficiently small) defined by (2.52), and let (px be the minimizer 
of the functional J'^{-) defined by (2.5). Then ipj< — >■ (px strongly in L'^(ft) as e ^ 0'^ , where 
(pT is the minimizer of the functional J^(-) defined by (2.5). 

Remark 2.1. Let be given by (1.12) and <pT* be the minimizer of the functional defined 
by (1.6). Then, it follows from Corollary 2.2 that 

[ \\ip{t;^T',T*)\\^dt as e^0+. (2.54) 
Jo 

3 The equivalence of minimal time and norm control problems 

Throughout this section, we let T* and T*'^ be accordingly the optimal time to Problems 
(TP) and (TPf). Define the following three admissible sets of controls: 

Tt* ^ {/ G L-(R+;L2(J7)) : y(r*;/,yo) G ^MO)}; 

T^, ^ {/ G L-(]R+; L^n)) : y%T*;f, yo) G B^}; 

= {/ G L-(E+;L2(0)) : y%T:''- f,yo) eB^}. 

Here, y{-]f,yo) and y'^{-;f,yo) are accordingly the solutions of Equations (1.1) and (1.2), 
with u replaced by /. As a consequence of the approximate or null controllability over any 
interval (0, T) with T > for linear parabolic equations (see [5, 6, 7, 9, 19, 22] and references 
therein), the admissible sets J^t*i ^t* ^^'^ nonempty. We consider three minimal 

norm control problems as follows: 

(NPt*) Mt* = mf/gj-y.{||/||icx,(o,T*;L2(f7))}; 
(iVP|.) M|,* = inf/g7-|,J||/||ioo(o,T*;L2(n))}; 
(iVP^.,0 ^inf;,^. 

The numbers Mt*, Mj,, and M^,_i are called the minimal norms (or the optimal norms) 
to Problems (NPt*), (A^P|., ) and (NP^^^i) respectively. A control fx* G J-t* is called an 

optimal control to (NPt*) if ||/t* |lL°°{o,T*;L2(r2)) = Mt*, and /t*(-) = over [r*,+oo). 
Similarly, we can define optimal controls and to (NPj,,) and (NP^^^i) respectively. 
Now, we define a new time optimal control problem: 

(TP^) 7^ = inf„6wi,, ={teR+;y%t;u,yo) £BKm, 
where 

^l/-, = {" S L°°(R+;L2(0)) : u{-) G Bm^, (0) over ]R+ and 3t > s.t. y%t;u,yo) G Sa'(O)}. 

By a very similar way used to prove Proposition 2.1, we can have that the problem (TP^), 
with e G (0,ep], has a unique optimal control. Moreover, this control also has the bang-bang 
property. 

By the almost same way as that used in the proof of Theorem 1.1 in [20], we can have the 
following results. 

Proposition 3.1. Suppose that (Hi), {H2) and {H^) hold. Let Sp verify (2.3). Then (i) 
the problems (TP) and (NPt*) share the same optimal control; (ii) when e G (0, ep], the 
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problems (TPf) and {NP^._^ i) have the same optimal control; (in) when e G (0,6^], the 

problems (TP'') and (NPj^t,) also share the some optimal control; (iv) Problems (NPt*), 
(MPj^t) and (NP^^^i), with e S (0,ep], have the bang-bang property and the unique optimal 
controls. 

Proof. Since (a) the problems (TP), {TPf) and [TP^) have optimal controls (see Proposition 

2.1 in our paper and Theorem 3.2 in [13]); (6) the controlled equations (1.1) and (1.2) have 
the null controllability property (see [7] and references therein); and (c) the problems (TP), 
(TPf) and (TP'') have the bang-bang property (see Theorem 1 and Remark in and at the 
end of [18]), we can follow the exactly same way as that used to prove Theorem 1.1 in [20] to 
show the equivalence of minimal norm and minimal time controls stated in (i), (ii) and (Hi). 
We omit the detail here. 

The uniqueness for the optimal controls to {TP), (TPf) and (TP'') is a direct consequence 
of the corresponding bang-bang property (see Theorem 2.1.7 on page 36 in [8] or Theorem 

1.2 in [19]). Finally, the results in (iv) follows at once from (i), (ii), (Hi) and the uniqueness 
and the bang-bang property of the optimal controls to Problems (TP), (TPf) and (TP^). 
This completes the proof. □ 

We now study some characteristics of the optimal controls to the problems (NPt* ) , (NPj., ) 
and (NP^,^i). These properties, together with Proposition 3.1, give us the corresponding 

characteristics for the optimal controls to the problems (TP), (TP'') and (TPf) with suffi- 
ciently small e. The later will be the key in the proof of the L°°-convergence of the optimal 
controls stated in Theorem 1.1. To show the above-mentioned characteristics, we will first 
prove the following lemma which is indeed the part (i) in Theorem 1.1. 

Lemma 3.1. Under the assumptions (Hi), (H2) and (H^), it holds that lim£_^o+ ^e*'^ = 

Proof. Let Sp verify (2.3). The proof will be organized in four steps as follows. 

Step 1. There exists an ek G (0,ep] such that {Te'^}ee(o,eK] ^ bounded set. 
Because of (2.1), there exists a time Tk > such that ||5'(TK)yollc < "y, i-e.. 



y(TK;0,yo)£BK(0). (3.1) 

2 2 

Meanwhile, by (1.3), there exists an ek G (0,ep] such that 

\\yHTK;0,yo)-y(TK;0,yo)h<^, when e G (0, e^]- (3.2) 
This, along with (3.1), yields 

U{TK;0,yo)\\n < K, when e € (0,ei^]. (3.3) 

2 

From this and the optimality of Tg'^ to Problem (TPf), we see that T^'^ < Tk, when 
£ € (0,eK]. 

Step 2. Let {en}nm C {£}ee{o,eK] such that e„ — >■ 0"^ as n — >■ 00. Then there are a 
subsequence o/{en}neN, still denoted in the same way, a time T and a control u, with u(t) G 
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-Sm(O) a.e. t € [0, Tk], such that T^^ T and up^ — )• u weakly star in L°°(0,Ti£; L'^(Q)) as 

2 2 

n — > oo, and y{T;u,yQ) € Bk{0). 

By the conclusion of Step 1, there are a time T and a subsequence of {enjngN, stih denoted 
in the same way, such that 

T*;^ ^ T as n-^oo. (3.4) 

For each n, we let Ug^^ be the optimal controls to Problem {TP^"). Since {up^}n£N is bounded 
in L°°(0, Tk ; L^(0)), there exist an n G L°°(0, Tk ; L^fO)) and a subsequence of the sequence 

2 2 

{e„}„gN; still denoted in the same way, such that 

u*'^^u weakly star in L°°(0, Tk ; as ?z — >■ oo. (3.5) 

Moreover, there exists a C > such that 

lly(-;^^*;Syo)llc([o,rK];i2(n)) 

+ U"{-,ul^lyo)\\c[[o,TK]:L^m < C, yn e N. (3.6) 

Next, we will prove that on a subsequence of {enjngN) still denoted in the same way, 

||y^"(r;'i;<'\2/o)-y(f;n,2/o)|b^O as n ^ oo. (3.7) 



To show (3.7), we only need to show that on a subsequence of {enjneN) still denoted in the 
same way, 

\\y{T;ul'^,yo) -y{f;u,yo)\\Q ^0 as n ^ oo, (3.8) 
||y(r*;^<;\yo) -y(T;<;Syo)lb ^ as n ^ oo (3.9) 

and 

||2/^"(r;;i;<;\yo)-2/(T;'^<;\yo)b^O as n ^ oo. (3.10) 

The convergence (3.8) follows from (3.5), Ascoli's theorem and Aubin's theorem (see 
Theorem 1.20 on page 26 in [1]). 
Now we show (3.9). Notice that 

\\y{T,f;ut:l,yo)-yif;uZ\yo)h 
= ||5(r;'i)yo-S(T)yo|b 



+ 



5(r;;^ - t)xuuZ\t)dt - siT- t)xuul^:{t)dt 



< \\S{T,f)yo-S{T)yo\ 



+ 



+ 



S{T:;^'-t)x.u*'\t)dt 



S{T,f-t)xu.nt'Ut)dt 



+ 



T 



S{T-t)xuuZ\t)dt 
S{f-t)x^ul^Kt)dt 



By the strong continuity of S{-) and (3.4), we have 

L\ = \\S{T:;^)yo - S{f)yo\\n ^ as n ^ oo. 



(3.11) 
(3.12) 
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Meanwhile, one can easily to check that 







[SiT:;^'-t)-S{T-t)]x^uZ'm 



< 



+ 



S{T::'-t)-S{f-t)]x^u 



t2,1 , t2,2 



By the dominated convergence theorem, we can deduce that 



L 



2,1 



as n — )■ oo. 



(3.13) 
(3.14) 



2 1 

To show that Ln ^ as n — t- 0, we first consider the following equation: 



' er - Ar - ae = xu («*;' - u) in o x (o, ; 

2 



=0 

r(o) = 



on dn X (o,r^), 

2 

in O. 



(3.15) 



* 1 

The solution for this equation in time Te^ A T can be written as 



r(T;'i AT) 



5(r;'iAr-t)x.«;i(t)-^(t))o!i. 



From this, (3.5), Ascoli's theorem and Aubin's theorem, it follows that on a subsequence of 
{enjnGNi Still denoted in the same way, 



||r(r;;^ AT)|b < \\C\\ci[o,T^];LHn))^0 asn 



oo. 



Hence, 



s{T:''-t)xUK''{t)-u{mt 



< ||5(r;'^-r;'^Ar)||||C(T;'^Ar)|b^o asn^oo. 



(3.16) 



Similarly, we can prove that on a subsequence of {enlnsN; still denoted in the same way. 



sif-t)xU<'}it)-Ht))dt 



as n — )• oo. 



(3.17) 



This, together with (3.16), leads to Ln^ — )■ as n ^ oo. The later, combined with (3.13) and 
(3.14), indicates that 

(3.18) 



L„ — )• as n — >■ oo. 



On the other hand, 

'3 , r4 



L^ + L^<M(|r;;i-T;;iAr| + |r-r,*;^Ar|)^o as n^oo 



(3.19) 
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Hence, (3.9) follows from (3.19), (3.11), (3.12) and (3.18). 

Then, we show (3.10). Let {e^^}t>o be the strongly continuous semigroup generated by 
-A in L2(Q). Then, for any t G [0,r;^^], 

ll2/""(i;<;\yo)-y(i;<;Syo)lb 

/O ^0 

< heJlL^in) l|y^"(s;<;\yo) - 2/(s;<;Syo)lbds 







+ - a||Loo(Q) / \\y{s;ul'^ ,yo)\\nds. (3.20) 





By (Hi), (3.6) and Gronwall's inequality, we have 

UHTef; K'„\yo) - y{T,f;uZ\yo) h 

< ||a,„ -a||ioo(f,)ell'^-ll^°°(")^- / \\y{s;ul^^ ,yQ)\\^ds 

Jo 

-> as n -> oo. (3.21) 

This gives (3.10). 

From (3.8), (3.9) and (3.10), we conclude that (3.7) holds. By (3.7) and the closeness of 
Bk{0), we get that y{f; u, yo) € Bk{0). 

Step 3. T = T* and ?iX[o,T*); when extended by zero to [T* , oo), is an optimal control to (TP). 

Since y{T;u,yQ) G Bk{0), it holds that T > T*. Seeking for a contradiction, we suppose 
that T > T* . Then we would have that 

T- = i(f-T*) > 0. (3.22) 



Notice that yr* = y{T*;u*,yo) G dBxiO), where dBK{0) is the boundary of the set Bk{0)- 
Clearly, ?/(r;0, yr*) = S{T)yT*- Therefore, ||y(T; 0, yr*)lb ^ Ke~^°'^. This leads to 



y(r;0,yT*) e^Xe-^tr(O)- (3-23) 

We note that 

u*{t) = 0, te [T*,+oo). (3.24) 



Then, from (3.23), it follows that y{T* + T;u*,yo) € B^^-sqt{0). Let {enjnsN be the subse- 
quence given in Step 2. Then, by (1.3) and (3.24), there exists an > such that 

\f - r;;^| < T, when n>N (3.25) 

and 

\\y'-{T* +T;u*,yo)-y{T* + T;u\yo)h<^{l-e-^n, when n>N. 

Hence, 



y'"iT* +T;u*,yo) G BK^^^^s.r^iO), when n>N. (3.26) 
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Because + ^ ^°'^) < it follows from (3.24), (3.26), the continuous decay property of 
5'^"(-)y^"(r*;0,yo) and the optimality of T*;^^ to {TPl'') that 

TT'^ < T* + r. 

This, along with (3.22) and (3.25), indicates that 

r;-^ < r - r < r;'\ when n> N, 

On. On. ' — ' 



which leads to a contradiction. Hence, it holds that 



(3.27) 



Since y{T*;u,yo) = y{T;u, i/q) G Bk{0), the control nX[o,T*); when extended by zero to 
[r*,+oo), is an optimal control to problem (TP). 
Step 4- It holds that limg^o+ ^e*'^ = '^*- 

By the uniqueness of the optimal control to (TP) (see Proposition 2.1), we have that 



u = u* in [0,T* 



(3.28) 



Since {enjneN was arbitrarily taken from {£}e£{o,eK]^ follows from (3.27), (3.28) and the 
conclusions in Step 2 that 



T* and u*/ ^ u* weakly-star in L°°{0,T*; L^{n)), as e ^ 0+ 



This completes the proof. 



(3.29) 
□ 



Let (pT*, ^2'^ be accordingly the minimizers of J (•), Jj {■) and Jj^' ( 



Define the following controls: 

/T.(t) 



\\Lp{s;<pT*,T*)\\^ds 
0, 



||(^(t;^T*,r*)||^ 



, tG[o,r*) 



|<^^(s;#.,T*)|Us 
0, 



Xc^y^^(^;#*,r*) 
||y?^(t;^|.*,r*)t 



t £ [r*,+oo). 



, te[o,T*), 
t e [r*,+oo), 



(3.30) 



(3.31) 



and 



n*,l 



,ds 



(3.32) 



t G [r;'\+(X)) 



Proposition 3.2. Suppose that (Hi), {H2) and {H3) hold. Then, there is an es > such that 
when e € (0,^5], the controls fx*, fj-* and /f,,,i, defined by (3.30), (3.31) and (3.32) respec- 
tively, are accordingly the optimal controls to the problems (NPt*), [NPj,*) and (NP^^^i). 
Consequently, when e € (O,^^], 



T* 



Mt,^T'.T*)\\^dt- M't, 



|(/p^(t,#.,r*)|Ut 
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and 

Here ip{-;ipT*,T*), ip''{-;ipf^^j,T*'^) and ip^{-;ipj^*,T*) are accordingly the solutions to the 
equations (1.4), (1-5) and (1.11). 

Proof. When the target set is the origin of L^(0), the corresponding results in this lemma 
have been prove in [20] (see Theorem 3.2 in [20]). Our proof here is very similar to those in 
[20]. For the sake of the completeness of the paper, we provide the detailed proof by following 
steps. 

Step 1. There exists an es > such that fx*, fx* are well defined, when e G (0,55]. 

From the optimality of T* and the bang-bang property of the optimal control u* to the 
problem (TP) (see [18]), we have y{T*;0,yQ) ^ Bk{0). Hence, the assumption (H^), where 
T is replaced by T*, holds. Then, by Lemma 2.1 and Lemma 3.1, there exists an > such 
that the functionals Jj'* {■) and J^^' (•) have the unique minimizers ipj^, and tpj^* in L'^{Q) 
when e G (0, e^]. Moreover, ipj,, ^ and 7^ for any e G (0, e^]. From the unique 

continuation property of linear parabolic equations established in [11], we deduce that 

\\^(t-(pT*X)\\^ + ^\ |l99^(t;#.,r*)L/0, tG [o,r*) 

and 

||v9^(t;(^^.,,,r;'i)|u/o, tG[o,r;'i). 

From these and from (3.30), (3.31) and (3.32), it follows that fx*^ fx* ^-^id ^-re well 

defined and belongs to L°°(M+; L^(r2)), when e G (0,6^]. 

Step 2. fx* G Fx*, f^* G T^, and G 

The Euler equation associated with the minimizer (pT* of J^*(-) IS as 



^0 ' ' I JQ llv(*;<^T*)ll 

+ (yo, ¥^(0; ifx* , T*))n + K ^'^H'T^" = all ipx* G L\n). (3.33) 

WfT* \\n 

Meanwhile, by Equations (1.1) and (1.4), we have 
{y{T*]fx*,yo),^T*)n 

= {yo,ip{0;ipx*,T*))n+ [ {fx*{t),^{t;ipx* ,T*))^dt for all ipx* £ L\n). (3.34) 

Jo 

This, together with (3.30) and (3.33), yields 

{y{T*;fx*,yo),^T*)n = -i^i^p^plil for all ^x* £ L\n). (3.35) 

WT* \\n 



Then, it follows from (3.35) that 



\y{T*;fx*,yo)\\n < K and y{T*-fx*.yo) G Bk{^). 
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Hence fr* E Tt*- Similarly, we can show that /|^* G J^-^ and G J^f,*.i for any 5 G (0,e^]. 
5*6^5. /i /loWs t/iai II /t* 1 1 LOO (iR+.i2(f^)) < \\gi\\L°°(R+-L^(n)) for any gi eTT*;whene£ {0,es], 

II/t* llL°°{K+;L2(t7)) < ||52||l°°(R+;L2(C)) O'^C^ II/^*,i llL°°(]R+;L2(t7)) < HffS ||L°°(R+;L2(n)) /o?^ eac/l 

Suppose that gi G Tt*- Then ||?/(r*; 51,7/0) lb ^ By Equations (1.1) and (1.4), we 
can conclude that 

r 

{y{T*]gi,yo),^T')n = {yo,^{0;^PT',T*))n+ / {gi{t),ipit;ipT',T*))^dt. 
This, together with (3.34) and (3.35), yields 







2 f'^* 

T* 

{giit),ip{t;ipT*,T*))^dt + {y{T*; fT',yo),(pT*)n - {y{T*; gi,yo),0T*)n 



< / {giit),<p{t;(pT*,T*))^dt- {y{T*;gi,yo),i^T*)n- K\\ipT*\\n 
Jo 

< [ {giit),^{t-ipT.,T*))^dt 
Jo 

< ll9l||L-=(M+;L2(n)) / \\f{t;^T*,T*)\\^dt 

Jo 

= ll9'l||L°°(M+;L2(n))ll/r* ||Loo(R+;L2(f^)). (3.36) 

Now, (3.36) leads to ||/t* |Il°°(R+;L2(c)) < llffi llL°°(R+;L2(f7)) for each gi G Tt*. Similarly, we 
can prove that 

II/t* llL°°(R+;L2(n)) < ||52||L°°(R+;L2(n)) for any 52 G J^t* 

and 

||/^.,i||L°°(R+;L2(f7)) < I|93||l°°(r+;L2(q)) for any 53 € 

when e G (0,6^]. The proof is completed. □ 

The following is a consequence of Proposition 3.1 and Proposition 3.2. 

Corollary 3.1. Suppose that e G (0, SpAe^]. Let be given by (1.12). Let tpx* and (p'L^^i be 

the minimizers of J'^* {■) and jj^' (•) respectively, and let u* and n*'"*^ be the optimal controls 
to {TP) and {TPf). Then it holds that 

Me = M^,, (3.37) 
/o 



M = Mt*=M^,,^= \\ip{t;^T',T*)Ldt= \\ip'{t■,^f^,,^X'')hdt, (3.38) 



u*(t) = <| ||v9(t;(^T*,T*)||,' ^' (3.39) 
0, tG[T*,oo) 
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and 



M 



(3.40) 



4 The proofs of Theorem 1.1 and Theorem 1.2 

In this section, we are going to prove Theorem 1.1 and Theorem 1.2. 

Proof of Theorem 1.1. The part {i) has proved in Lemma 3.1. 

Now, we prove the part {ii). Let e/^ > be the number given in Step 1 of the proof of 
Lemma 3.1. Given rj € (0, T*), by the conclusion in part (i), there exists an = £[ri) G (0, £k] 
such that 

- r*| < ?7, when e € (0,e^]. 

From (3.29), we have 

n*'^^n* weakly star in L°^(0, T* - r/; l2(J7)) as e: ^ 0+. 
Hence, we can get that 

u*/ -f u* weakly in L'^{0,T* - ly.L^i^)) as e ^ 0+. (4.1) 
On the other hand, these optimal controls have the bang-bang property (see [18]), i.e., 

||n*(t)|b = M, VtG [0,r*-?7] (4.2) 

and 

\\u*/{t)\\n = M, Vt G [0,r*-r/], when e € (0, e^]. (4.3) 
Now, it follows from (4.1), (4. 2) and (4.3) that 

^ n* strongly in L'^{0,T* - r]; L'^{n)), as e ^ 0+. (4.4) 

Since r/ > is arbitrarily and because ||u*(t)||n < M and ||ti£'^(t)||Q < M for a.e. t € M''", it 
follows from (4.4) that 

u*/^u* strongly in L'^{0,T*; L'^{n)), as e ^ 0+. 

This completes the proof of the part (ii). 

Finally, we prove the part {in). By the conclusion in the part (i) of this theorem, one 
can easily check that the assumption (-^4), where = T*'^ and T = T* holds. Meanwhile, 
by the optimality and bang-bang property of u* , we know that y(T*;0, yo) ^ Bk{0). Thus, 
(H^), where T = T* holds. Hence, we can apply Theorem 2.1, with T = T* and Tg = Tg*'^, 
to get 

ipT* strongly in L^(0) as e 0"*", (4.5) 

where ipT* and are accordingly the minimizers of J^* {■) and .Jj^ (•) defined by (1.6) 

and (1.7) respectively. 
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Given an r/ > 0, by the conclusion in the part (i), there exists an G (0,ep A es], where 
Ep verifies (2.3) and es is given by Proposition 3.2, such that 



> - r/, when e G (0,e^]. 



(4.6) 



We claim that there exists a > such that 



\\ip{t;^T*,T*)L > Cr, for all t G [0,T* - rj], 



(4.7) 



where ip{-; (fx* ,T*) is the solution to Equation (1.4). 

Indeed, if the above did not hold, then there would be a sequence {trijneN £ [0, T* — r/] 
such that 

\\ipitn;ipT',T*)L < -■ 
n 

Without loss of generality, we can assume that t„ ^ t G [0, T* — r/] as n — )• oo. This, along 
with the above inequality, yields 



\\ip{i; ipT*,T* 



0. 



Then, by the unique continuation property established in [11], it holds that ^px* = 0, which 
leads to a contradiction. Hence, (4.7) stands. 

Now by Corollary 3.1 (see (3.39) and (3.40)) and by (4.6) and (4.7), we see that when 
e G (0,e^] and t G [0,r* - rj], 



M2 



ip{t;ipT*,T* 



2 + 2 



< 2 



< 4- 



ip%t;^l,,„T:'')-'Pit;^T',T*)\\ 



Because of (4.5), we have 



< —y'it; , r;'i) - ^{t; ipT' , T*) lU. (4.8) 



sup Mt;ip' uT*) - ip{t;^T',T*)\\n 
te[o,r*-r;] ~ 

sup ||S(T* -t)((^^.,i -(^T*)lb < ||<^"*,i -"^T-lb ^0 as e^0+. (4.9) 

tG[0,T*-v] 



By the strong continuity of 5(-) and the fact that — )■ T* as e — > 0"'', we have 



sup ||v.(t;(^^..i,r;'^)-<^(t;(^^..i,r 



tg[0,T*-r,] 

sup ||[5(T;'i-t)-5(r*-t)]r^.,,||n 

tG[0,T*-r?] 
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< sup ||[5(T;'^ - t) - S{T* - t)WT.,, - 0T')iin 

te[0,T*-r?] 



+ sup \\[SiT:^'-t)-SiT*-mT'\\n 

te[0,T*-r,] 

< 2||(^^,,, - ^T' h + II [5(r;'l - T* + 7?) - 5(7?)]^T* 

^0 as e ^ 0+. 

Let C{-) = ip%-;ip'L,^i,Te''^) - , ^e'"^)- Then it holds that 



a + AC + a,C + {as - a)^e = in x (0, T*'^), 

C = on 517 X {0,T*'^), 

X'{T:'') = in Q, 

*.l^ 



where <fe{') = V^{'','ffp*,i,Ts' ). It is obvious that 



and 



at) 



5-(T;'1 - s){ae - a)ipeds, t G [0,r* - r,] 



However, 



sup Mt;^'^.,^X'': 



sup 



< ^ ipT*T* as e ^ 0+. 



This, together with (4.11) and (Hi), gives 

||(/p^(s<^^.,i,r;'i)-(^(s<^^^.a,T;'i)llc([o,T*-,];L^^ 

Therefore, it follows from (4.9), (4.10) and (4.12) that 



as e 



0+. 



< 



sup y'{t; 0' , , T*^') - ^{t; 0t* , T*) \\n 

te[o,T*-r;] 

+ ll¥'(-; ; T*''^) - ip{-, iffj^,,! ; T*)\\c([o,T*-v];L^n)) 

+ \\cp{-](pf^^,i]T*)-(f{-]ipT*-,T*)\\c([o^T*-ri]-,L^in))^0 as e ^ O"* 

By (4.13) and (4.8), we see that 

sup ||M*'^(t) - n*(i)||n ^ as e ^ 0+. 

t£[0,T*-rj] 



This completes the proof. 
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Proof of Theorem 1.2. We first prove the part (i). Note that the semigroup S^{-) is analytic. 
Thus, from [18] (see Theorem 1 and Remark in and at the end of this paper), it follows that 
when e € (0,ep A es\ (where Ep verifies (2.3) and £5 is given in Proposition 3.2 respectively), 

\\u*/{t)\\n = Me a.e. t e [^X'^)- (4-15) 
Let fj't be the optimal control to Problem {NPj,t). By (1.12) and (3.31), we have 



r \\ip'{t;^'T',T*)\\^dt = M, a.e. te[0,T*), (4.16) 
Jo 



where Mj,* is the optimal norm to Problem (NPj,,) and (pj^, is the minimizer of (1.10). By 
the optimality of /|., to the problem ( A^Pj,* ) , we get 



y%T*;f^,,yo)eBK{0). 

This leads to 

y*,2 < J,* ^jj ^ ^ ^ ^4 -^7^ 

Seeking for a contradiction, we suppose that there did exist an e E (0, Ep A Eg] such that 

Tg'"^ < T*. (4.18) 

*,2 



Let %' be the optimal control to Problem (TP^)- Then 



(0=0 in [^^^+oo), (4.19) 



By (2.3), (4.19) and the optimality of n^'^ to the problem (TP|), we have 

= ||/(r*-r;'2;o,/(r;'^nf ,yo))l|i 

< e-^(^*-^;")||/(r;'^nf ,2/o)lb<i^. (4.20) 



|/(r*;nf ,yo)lb = ||/(r* - T^'^; 0, /(T^'^ nf , yo))lb 



This implies 



y'{T*;u*/,yo) eBKiO). 



Thus it holds that u*/ G Jf.. By (4.15), (4.16) and (4.19), we have 

Ms = = ||%'^||2,cx)(ig+.i2(n)) = II/t* ||L°°(M+;L2(n))- (4-21) 
By the uniqueness of /|., (see Proposition 3.1), we get 

u*/{t) = f^*{t) a.e. te[0,T*). (4.22) 
Then, from the definition of (see (4.15) and (4.19)), 

/|. ^0 in [^^^^*]. 

It contradicts to the definition of fj^, in (3.31). Therefore 

r*'2 = T*, when e € (0, A e^]. 
Let Ep A Es = Eq, we complete the proof of part (i). 
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Now we give the proof of part (ii). We note that = M|., for each e € (0, eo]- It fohows 
that the problems (TPI) and (TP^) defined in Section 3 are the same for each e G (0,eo]. 
Hence, (TP2) (i.e., {TP'')) and {NPj,^) share the same optimal control (see Proposition 3.1) 
for each e € (0,eo]. By the definition of fj,, (see (3.31)), we get the formula to up'^. This 
gives the conclusion of part (ii). 

For the proof of part (in), we note that, by the definition of Mg (see (1.12)), 

M,= r ||(^^(t;#.,r*)||,dt, 
Jo 

where is the minimizer of (1.10). From (2.54), we have ^ M as e 0"*^. This 
completes the proof of part [iii). 

Next, we prove the conclusion of part {iv). Since the admissible control set Ulj^ is a 
bounded set in L°°(M+; L^(0)) (note that — > M as e ^ 0+), we arbitrarily take a 
sequence {enjneN C {e}£G(o,eo] such that e„ ^ 0"'' as n — )■ 00, there exists a subsequence of 
{en\n&h still denoted in the same way, and u e L~(0,r*;L2(O)) such that 

<f weakly star in L°°(0, T*; l2(J7)) as n ^ 00. (4.23) 

It follows from Ascoli's theorem and Aubin's theorem that there exists a subsequence of 
{enjnGN; Still denoted in the way, such that 

||y(r*;n*;^,yo) - y(r*;?i,yo)lb ^ as n^oo. 

Because of 

y(r*;<f ,yo) = y{T,f;K'^,yo) G B]^, 

we have 

yiT*;u,yo)eBK{0). 

But 

IK'^llL=°(0,T*;L2(n)) = Me ^ M aS E ^ 0+. 

Hence, from the weakly star lower semi-continuity of L°°-norm, we have 

\\u{t)\\n < M a.e. t G [0,r*) 

and u is an optimal control of the problem (TP). By the uniqueness of optimal control to 
problem (TP) (see Proposition 2.1), we have 

u = u* in [0,T*). 

Since {^nlnGN was arbitrarily taken from in {s}eeio,eo]^ have 

u*/^u* weakly star in L°°(0, T*; ^^(o)) as e ^ 0+. 

Therefore, similar to the proof of (ii) in Theorem 1.1 and by the results of parts (i) and (iii) 
in this theorem, we can deduce the result of part (iv). 

Finally, we show the part (v). Given a fixed rj G (0,r*). By the formula of u* (see (1.8)) 
and the result of part (ii), for each t G [0,T* — rj], we have 

\\u*/{t)-u*{t)\\n 
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< \Ms -M\ + M 



(4.24) 



n 



Meanwhile, by the result of Corollary 2.2, we have 

(fj^* (fx* strongly in L'^{Q) as e — t- 0^. 

Hence, by using the similar method as that used in the proof of part {iii) of Theorem 1.1, we 
can get 

as e^0+. (4.25) 



sup 

t£[0,T*-ri] 



Mt;^T',T*)\\^ 



||(/7=(t;(^|,.,T* 

It follows from the result of part (iii) (i.e., — )• M as e — )• 0"*") that 

as e^0+. 



sup llUg' [tj — u 

telO,T*~ri] 



n 



The proof is completed. 



(4.26) 
□ 
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